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Abstract. We extend the calculation of relativistic bound-states of a fermion anti-fermion pair in the
Bethe-Salpeter formalism to the case of total angular momentum J = 3. Together with results for J ≤ 2
this allows for the investigation of Regge trajectories in this approach. We exemplify such a study for
ground and excited states of light unflavored mesons as well as strange mesons within the rainbow-ladder
approximation. For the ρ- and φ-meson we find a linear Regge trajectory within numerical accuracy.
Discrepancies with experiment in other channels highlight the need to go beyond rainbow-ladder and to
consider effects such as state mixing and more sophisticated quark-antiquark interaction kernels.
PACS. 12.38.Lg – 14.40.Be – 14.40.Df
1 Introduction
Understanding the formation and the structure of hadronic
bound-states is one of the most interesting – and difficult –
tasks within QCD. In any gauge-fixed approach to QCD it
involves the charting of the underlying non-perturbative
interactions between quarks and gluon and requires an
understanding of the associated phenomena of dynami-
cal quark mass generation and confinement. The simplest
color neutral state of QCD is the meson, consisting of
a quark and an antiquark, which gives rise to particu-
lar combinations of quantum numbers JPC often char-
acterized within the quark model. However, similar (and
exotic) quantum numbers may arise for so-called hybrid
states that contain one or more constituent gluons, as well
as more complex ones such as glueballs, meson molecules
and tetraquarks. These states may mix into each other,
thus providing a rich and complicated spectrum explored
in many experiments.
This may be particularly true for the light meson sec-
tor, where a huge amount of literature is available deal-
ing with this problem. Relativistic quark models, effec-
tive chiral Lagrangians, Hamiltonian approaches, QCD
sum rules, Dyson-Schwinger and functional renormalisa-
tion group methods as well as lattice QCD are methods
of choice, see e.g. [1] for a recent review and a guide to
further reading. In this work we concentrate on the func-
tional approach via Dyson–Schwinger equations (DSEs)
and Bethe–Salpeter equations (BSEs), which offers the
above-mentioned direct connection between the details of
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the non-perturbative quark-gluon interaction and the rel-
ativistic and field-theoretical description of bound-states.
The purpose of this work is twofold. On the one hand,
we report on an important technical extension: to the well-
known representations of (pseudo-)scalar, (axial-)
vector and (pseudo-)tensor states [2–5] we add an explicit
basis construction for mesons with J = 3. This allows, for
the first time, the explicit study of Regge-trajectories in
the DSE/BSE framework. For the light meson sector this
may be especially interesting, since the conventional pic-
ture of a linear rising potential associated with a flux tube
that underlies intuitive explanations of linear Regge-type
behavior hardly seems appropriate. This is, however, the
mechanism that is built into relativistic quark models re-
lying on linear rising (quasi-)potentials, see e.g. [6, 7]. In
contrast, an approach like the DSE/BSE framework offers
the opportunity to explore alternative mechanisms for the
generation of Regge-type behavior from the underlying
quark-gluon interaction.
On the other hand, we explore the spectrum of ground
and excited states of light mesons with total angular mo-
mentum J = 0, 1, 2, 3 starting from the simplest of all
truncations, namely a rainbow-ladder framework with a
flavor-diagonal interaction. It has the merit of preserv-
ing chiral symmetry in the form of the axial-vector Ward-
Takahashi identity thus reproducing important QCD con-
straints such as the (pseudo-)Goldstone boson nature of
the pseudoscalar mesons and the associated Gell-Mann–
Oakes–Renner relation. However, it has been noted pre-
viously (see e.g. Refs. [8, 9] and Refs. therein) that apart
from the ground state pseudoscalar and vector channels,
this truncation may have serious shortcomings that pre-
vent close quantitative contact with experiment. In this
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Fig. 1. The Dyson–Schwinger equation for the fully dressed
quark propagator. Wiggly lines represent gluons and straight
lines quarks. Large filled circles indicate the quantity is fully-
dressed, otherwise it is bare.
work we explore this issue for a wide range of different
channels and confirm previous work. However, including
the J = 3 results we are able to identify a larger pat-
tern that leads to different conclusions than those made
in [8] regarding the precise origin of the shortcoming of
the rainbow-ladder truncation. This is detailed below.
The paper is organized as follows. In section 2 we intro-
duce the framework of the DSEs and BSEs, together with
a discussion of the Rainbow-Ladder truncation and the
model interaction employed. In section 3 we present the
covariant decomposition of the Bethe–Salpeter amplitude
for J = 0, 1, 2, as well as J = 3. Our numerical methods
are discussed in section 4 with results given in section 5.
We conclude in section 6.
2 Framework
We work in Euclidean space with the dressed one-particle
irreducible Green’s functions of QCD. These are obtained
through solutions of their corresponding DSEs, employing
truncations that are designed to maintain important sym-
metries of QCD such as chiral symmetry. The resulting
Green’s functions serve as input into the BSE for bound
states of a quark and an anti-quark. In the following we
summarize the corresponding formalism and give details
on the approximation scheme used.
2.1 Quark propagator
The dressed quark propagator is given by
S−1(p) = Z−1f (p
2)
(
ip6 +M(p2)) , (1)
where the quark wave function is Zf (p
2) and its mass
function M(p2). The bare quark propagator is obtained
by setting Zf (p
2) = 1 and M(p2) = m0, with the bare
quark mass m0 related to the renormalized quark mass
mq via Z2m0 = Z2 Zmmq via the renormalization factors
Z2 and Zm. The dressing functions Zf (p
2) and M(p2) are
obtained as a solution of the quark DSE
S−1(p) = Z2S−10 + g
2Z1fCF
∫
k
γµS(k)Γ ν(k, p)Dµν(q) ,
(2)
given pictorially in Fig. 1. Here we use the abbreviation∫
k
=
∫
d4k/(2pi)4 and the momentum routing q = k − p.
The gluons propagator is denoted by Dµν(q) and Γ
ν(k, p)
Fig. 2. The homogeneous Bethe–Salpeter equation for a
bound-state of a quark and an antiquark. The quark-antiquark
interaction kernel K is constrained by requirements of chiral
symmetry.
the dressed quark-gluon vertex. The corresponding renor-
malization factor is Z1f . The Casimir factor CF = 4/3
stems from the color trace and g is the renormalized cou-
pling of QCD.
We work in Landau gauge, where the gluon propagator
is purely transverse and given by
Dµν(q) =
(
δµν − qµqν
q2
)
Z(q2)
q2
= T qµν
Z(q2)
q2
, (3)
with transverse projector T qµν .
2.2 Bethe–Salpeter equation
The Bethe–Salpeter equation, given in Fig. 2, describes a
relativistic bound-state of mass M calculated through
[Γ (p;P )]tu = λ
∫
k
K
(2)
rs;tu(p, k;P ) [χ(k;P )]sr . (4)
Here, Γ (p;P ) is the Bethe–Salpeter amplitude, χ(k;P ) =
S(k+)Γ (k;P )S(k−) the corresponding wave function and
K(2) a two-particle irreducible quark anti-quark interac-
tion kernel. The momenta k± = k+(ξ−1/2±1/2)P feature
a momentum partitioning parameter ξ, which has no influ-
ence on the bound state mass. The BSE is a homogeneous
eigenvalue equation with a discrete spectrum of solutions
at momenta P 2 = −M2i and eigenvalues λ
(
P 2i
)
= 1.
The lightest of these Mi is the ground state solution.
For a bound state with total angular momentum J , both
Γ (p;P ) and χ(k;P ) have J Lorentz indices. Their covari-
ant decomposition is a combination of the Dirac represen-
tation for two composite spin-1/2 fermions and an angular
momentum tensor.
2.3 Rainbow-Ladder
The essential input into the DSE for the quark propa-
gator and the interaction kernel of the two-body Bethe-
Salpeter equation is the dressed gluon propagator and the
dressed quark-gluon vertex. Both the quark self energy
and the interaction kernel K(2) are related by the axial
Ward-Takahashi identity (axWTI). Any meaningful ap-
proximation of these quantities in the light quark sector
has to satisfy this identity, otherwise essential QCD prop-
erties of dynamical chiral symmetry-breaking such as the
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(pseudo-)Goldstone nature of the pion and the Gell-Mann-
Oakes-Renner relation are lost. The simplest construction
principle to satisfy the axWTI is the rainbow-ladder ap-
proximation, which is tantamount to taking into account
only the γµ-structure of the dressed quark-vertex and com-
bining all dressing effects of the gluon and the vertex into
an effective running coupling. The rainbow-ladder approx-
imation is simple to use and we will therefore employ it
in this exploratory study. Its merits and deficiencies have
been indicated already in the introduction and will be dis-
cussed in more detail in the results section.
For completeness let us mention, that there have been
many efforts to go beyond rainbow-ladder. One promis-
ing route is to use explicit diagrammatic approximations
to the DSE of the quark-gluon vertex [10–17]. This allows
the explicit study of the effects of the gluon self-interaction
[16] as well as pion cloud effects [17] on the spectrum
of light mesons and baryons [18]. Another promising ap-
proach uses explicit representations of selected tensor struc-
tures of the quark-gluon vertex beyond the leading γµ
piece [19–22]. As will be clear from the results section it
is mandatory to repeat the meson survey performed here
in one or more of the above approaches in future work.
In rainbow-ladder approximation the relevant parts in
the quark self-energy simplify according to
Z1fCF
g2
4pi
Dµν(q)Γ
ν(k, p) = Z22CFT
q
µν
αeff(q
2)
q2
γν , (5)
where we also collected together some numerical constants
and the color traces. The corresponding two-body kernel,
consistent with chiral symmetry, is given by
K
(2)
rs;tu(p, k;P ) = 4piZ
2
2CF
αeff(q
2)
q2
T qµν [γ
µ]rt[γ
ν ]su , (6)
and is a function of q = k − p only. In particular, we take
the model interaction of Maris and Tandy [23]
αeff(q
2) = piη7x2e−η
2x +
2piγm (1− e−y)
log [e2 − 1 + (1 + z)2] , (7)
where x = q2/Λ2, y = q2/Λ2t , z = q
2/Λ2QCD. Here Λt =
1 GeV is a regularization parameter for the perturbative
logarithm; its value has no material impact on the numer-
ical results. The QCD-scale ΛQCD = 0.234 GeV controls
the running of the logarithm with anomalous dimension
γm = 12/25 corresponding to four active quark flavors.
The infrared strength of this model is controlled by the
parameters Λ and η. While Λ = 0.72 GeV is fixed from the
pion decay constant, there is considerable freedom to vary
the dimensionless parameter η. We will use η = 1.8± 0.2
for which ground-state observables are insensitive and dis-
cuss the effects of this variation on the excited states.
3 Covariant Bethe-Salpeter amplitude
It is well known that composite states of particles in the
(j, 0) ⊕ (0, j)-representation can be constructed by form-
ing direct products of the particle’s representation [2, 3].
For fermions, j = 1/2, this reduces to the Dirac spinor
formalism and thus is given by the usual Dirac matrices.
For a meson in the rest frame with center-of-mass mo-
mentum tµ and relative quark momentum rµ, grouped by
their transformation under parity we have
D(1) =
(
1 tµγ
µ rµγ
µ rµtν
1
2 [γ
µ, γν ]
)
, (8)
D(5) =
(
γ5 γ5tµγ
µ γ5rµγ
µ γ5rµtν
1
2 [γ
µ, γν ]
)
, (9)
for scalar, D(1), and pseudoscalar, D(5), invariants respec-
tively. Thus, for a bound-state of two fermions with def-
inite parity, the basic number of scalar invariants equals
four. Furthermore, it is convenient to replace the relative
momentum rµ by
Qµ = τ
(t)
µν r
ν , (10)
where τ
(t)
µν = δµν− tµtν/t2 is a transverse projector. Then,
appropriate scalar and pseudoscalar invariants are
D¯(1) =
(
1 /t /Q /Q/t
)
, D¯(5) = γ5D¯
(1) , (11)
which simplifies the operation of charge conjugation due
to the property that Q · t = 0.
Then, a bound state with zero total angular momen-
tum and definite parity P is decomposed in terms of four
components
Γ (P )(r, t) =
4∑
i=1
[
λiD¯
(P )
i
]
. (12)
For non-zero total angular momentum J , the scalar
invariants must be coupled with an angular momentum
tensor. This rank J tensor, Ta1,...aJ , has 2J + 1 indepen-
dent components in three spatial dimensions, correspond-
ing to the possible spin polarisations [4]. This tensor must
be symmetric in all indices and traceless with respect to
contraction of any pair of indices. This generalizes to 3+1
dimensions by imposing transversality of each index with
respect to the total momentum.
Thus, to obtain a tensor corresponding to total angu-
lar momentum J , we construct the symmetric J-fold ten-
sor product of a transversal projector transforming like a
vector, and subtract traces with respect to every pair of
indices. The case J = 1 will provide tensors that form the
building blocks for states of higher total angular momen-
tum.
Then, in general a meson of spin J > 0 and parity P
has eight components and is written
Γ (P )µ1...µJ (r, t) =
4∑
i=1
[
λiQµ1...µJ D¯
(P )
i + λi+4Tµ1...µJ D¯
(P )
i
]
,
(13)
where the Qµ1...µJ , Tµ1...µJ are defined below and λi =
λi(r, t).
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3.1 Total angular momentum J = 1
For the case of J = 1 we can immediately write down
the two rank 1 tensors for a bound state of two fermions:
they are the transversely projected quantities Qµ and Tµ
defined
Qµ = τ
(t)
µν r
ν , Tµ = τ
(t)
µα τ
(Q)
αν γ
ν . (14)
Here Q is the same quantity as defined in Eq. (10) and we
introduced the additional transverse projector τ
(Q)
αν so that
the resulting basis is conveniently orthogonal. The explicit
components of this basis can be found e.g. in Ref. [23].
3.2 Total angular momentum J = 2
For total angular momentum J = 2 we construct the 2-
fold tensor products of Qµi and Tµi . Since the product of
two or more Tµi is degenerate, this gives
Q˜µ1µ2 = Qµ1Qµ2 , (15)
T˜µ1µ2 = T(µ1Qµ2) , (16)
where (. . .) denotes the symmetrization of the indices with-
out normalization 1/J!. To satisfy the criteria of being an-
gular momentum tensors we then subtract the trace-part
to give [5, 24]
Qµ1µ2 = Qµ1Qµ2 −
1
3
Q2τµ1µ2 , (17)
Tµ1µ2 = T(µ1Qµ2) . (18)
The explicit components of this basis can be found e.g. in
Ref. [5].
3.3 Total angular momentum J = 3
For total angular momentum J = 3 we construct the 3-
fold tensor products of Qµi and Tµi
Q˜µ1µ2µ3 = Qµ1Qµ2Qµ3 , (19)
T˜µ1µ2µ3 = T(µ1Qµ2Qµ3) . (20)
To satisfy the requirements of angular momentum tensors
we subtract the trace part, yielding
Qµ1µ2µ3 = Q˜µ1µ2µ3 −
1
5
τ(µ1µ2Q˜
κκ
µ3)
,
= Qµ1Qµ2Qµ3 −
1
5
Q2τ(µ1µ2Qµ3) , (21)
Tµ1µ2µ3 = T˜µ1µ2µ3 −
1
5
τ(µ1µ2 T˜
κκ
µ3)
= T(µ1Qµ2Qµ3) −
1
5
Q2τ(µ1µ2Tµ3) , (22)
which has not been explored in this approach before. The
explicit representation of this basis is given by
Γ (1)µ1µ2µ3(r, t) = Qµ1µ2µ3
[
λ11+ λ2/t + λ3 /Q+ λ4 /Q/t
]
+ Tµ1µ2µ3
[
λ51+ λ6/t + λ7 /Q+ λ8 /Q/t
]
,
(23)
with λi = λi(r, t) scalar coefficients. Multiplying through
by γ5 would yield the Γ
(5)
µ1µ2µ3(r, t) basis decomposition.
4 Numerical Methods
Here we give a brief summary of the numerical meth-
ods used for this work. Primarily, this concerns the solu-
tion of non-linear integral equations at complex Euclidean
momenta, followed by finding eigenvalues and the corre-
sponding eigenvectors of a linear system in matrix form.
We also discuss the means by which the higher mass states
are obtained.
4.1 Quark propagator for complex momenta
In the BSE due to the external total momentum of the
bound state one needs to evaluate the internal propaga-
tors on the right hand side in a parabola region sketched in
Fig. 3. The quark propagator at these complex momenta
p2 could be evaluated directly from its DSE, Eq. (2),
provided one knows the quark propagator for spacelike
Euclidean momenta p2 > 0 and the quark-gluon vertex
as well as the gluon propagator for complex (gluon) mo-
menta. In general, however, this is not the case and one
has to rely upon numerical input for the gluon propagator
or the vertex. In order to make our procedure sufficiently
general for later studies, we use an alternative strategy.
We change the momentum routing in the DSE such that
the external complex-valued momentum flows through the
internal quark propagator. This complex shift in the quark
momentum entails that a parabolic region of the complex
plane is probed by the internal quark, similar to that in
the BSE, see Fig. 3. The DSE is then solved iteratively ei-
ther on a momentum grid inside the parabolic region [25]
f(z0)
Im(p2)
Re(p2)
Fig. 3. Sketch of the integration contour for the determination
of the quark propagator in the complex plane.
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or on the boundary supplemented with Cauchy’s theorem.
Here, we use the latter method: given a function f(z) de-
fined on the boundary of a closed contour z ∈ C, we have
for any z0 inside
f(z0) =
1
2pii
∮
C
dzf(z)
z − z0 '
1
2pii
∑
i
wif(zi)
zi − z0 , (24)
where the integral has been approximated by some quadra-
ture formula with weights wj and abscissa zj . This is
paired with a parametric mapping that describes the con-
tour’s boundary. Numerically this procedure poses a chal-
lenge when z0 approaches the abscissa zi. This can be
mitigated through the use of the barycentric formula [26]
f(z0) =
∑
i w¯if(zi)∑
i w¯i
, w¯i = wi/ (zi − z0) . (25)
If the contour C is such that it encounters complex con-
jugate poles in the quark propagator, Eqs. (24)–(25) can
be modified to include the residues. However, it is still a
technical challenge to determine and include such poles
numerically in a non-linear integral equation such as the
quark DSE.
4.2 Calculating bound state masses
The Bethe–Salpeter equation is reduced to an eigenvalue
problem for Γ = λM · Γ . The amplitude Γ = Γ (p;P ),
for total momentum P , is a function of the relative quark
momentum p and the angle p̂ · P . This angular dependence
is expanded as a sum of Chebyshev polynomials, reducing
the system to a coupled system of linear equations in one
variable, p2.
The matrix M represents the coupling of this ampli-
tude to the interaction kernel K and its subsequent inte-
gration. It is solved as an eigenvalue equation using the
Eigen library [27]. We specify the JP of the state through
the choice of the covariant decomposition, section 3, and
determine the C-parity of the state by examining the sym-
metry properties of the eigenvector. Excited states are
obtained by finding solutions λ = 1 higher in the mass
spectrum.
Since excited states, and those with J > 2, are typ-
ically heavy we find ourselves in the position that the
parabolic region in the complex plane for which the quark
propagator has been calculated is too small. The region
cannot, at present, be extended due to the presence of
propagator poles that must be taken into account self-
consistently. A similar problem is encountered when one
attempts to calculate the mass spectrum of heavy-light
mesons; this is a general problem for Euclidean bound-
state calculations in general within the Bethe–Salpeter
framework, see [28, 29] for recent attempts to circumvent
this problem.
Here, we pursue two approximations to gather infor-
mation beyond this constraint. The first is to employ the
Cauchy theorem for z0 outside of the contour. Of course,
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
M[GeV]
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
3+- (within contour)
3+- (Cauchy)
3+- (Extrapolation)
0.4
0.6
0.8
1
1.2
1.4
M[GeV]
0.4 0.6 0.8 1 1.2 1.4
2-- (within contour)
2-- (Cauchy)
2-- (Extrapolation)
Ei
ge
nv
alu
e
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
M[GeV]
0.4 0.6 0.8 1 1.2 1.4
2-+ (within contour)
2-+ (Cauchy)
2-+ (Extrapolation)
Ei
ge
nv
alu
e
0.4
0.6
0.8
1
1.2
M[GeV]
0.4 0.6 0.8 1 1.2
2++ (within contour)
2++ (Cauchy)
2++ (Extrapolation)
Fig. 4. Comparison of the eigenvalue curves obtained by em-
ploying the Cauchy integral formula for outside of the contour
and the barycentric rational interpolation. The black curve rep-
resents the eigenvalues at masses obtained within contour.
this is only an approximate analytic continuation which,
however, while not mathematically precise nevertheless
culminates in well-behaved quark dressing functions.
Alternatively one can extrapolate the eigenvalue ac-
cording to [9], where it was shown that linear extrapola-
tion in λ−1i (P
2)−1 is reliable for the pseudoscalar excited
states; however this does not hold for the other channels.
Therefore we used barycentric rational interpolation
R(x) =
∑N−1
i=0
wi
x−xi yi∑N−1
i=0
wi
x−xi
, (26)
where wi are the weights at desired order d are given by
wk =
k∑
i=k−d
(−1)k
i+d∏
j=i,j 6=k
1
xk − xj . (27)
The comparison of these two techniques is shown in Fig. 4.
As can be seen, the masses of the bound states deviate
within 5−10% of the mean value with an overall tendency
that the Cauchy integral formula gives a lower bound. For
the purpose of the exploratory study reported here, we
regard this accuracy as sufficient.
5 Results
The quantum numbers of a meson in the non-relativistic
quark model are obtained from the spin, S, and relative
orbital angular momentum L of the qq¯ system, which com-
bine to give the total spin J = L⊕S. The total parity, P ,
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π0
π0(1300)
π0(1800)
a0(1450)
ρ(770)
ρ(1450)
ρ(1700)
π1(1400)
a1(1260)b1(1235)
a2(1320)
π2(1670) ρ3(1690)
M[
Ge
V]
0
0.5
1
1.5
2
JPC
0−+ 1−− 0++ 1+− 1++ 2++ 2−− 2−+ 3−− 3+− 3++ 0−− 0+− 1−+ 2+−
PDG
η = 1.8
η = 2.0
Fig. 5. (color online) (top) The calculated nn¯ spectrum, compared to the isovector mesons as measured in experiment. The
green bands correspond to the variation η = 1.8 ± 0.2. Due to the structure of the propagator, in the case of η = 2.0 more
states are accessible; these are given by the single orange lines. The states to the right of the dividing line correspond to exotic
quantum numbers.
charge parity, C, and G parity are given by
P (qq¯) = −(−1)L , (28)
C (qq¯) = (−1)L+S , (29)
G (qq¯) = (−1)L+S+I , (30)
where C parity only applies to charge neutral states and
is generalized to G parity for isospin I = 1. Thus, the
quark model yields the possible JPC quantum numbers in
Table 1. This leaves us with five states (for J ≤ 3) that are
considered exotic: JPC = 0−−, JPC = 0+−, JPC = 1−+,
JPC = 2+−, and JPC = 3−+.
5.1 Light unflavored mesons
In the RL approximation the interaction kernel admits
no mixing between states. Furthermore we work in the
Table 1. Allowed quantum numbers for a neutral qq¯ state in
the quark model.
L S JPC L S JPC L S JPC L S JPC L S JPC
0 0 0−+ 1 0 1+− 2 0 2−+ 3 0 3+− 4 0 4−+
0 1 1−− 1 1 0++ 2 1 1−− 3 1 2++ 4 1 3−−
1 1 1++ 2 1 2−− 3 1 3++ 4 1 4−−
1 1 2++ 2 1 3−− 3 1 4++ 4 1 5−−
isospin symmetric limit using equal current quark masses
mu = md = 0.0037 GeV at a renormalization scale of
µ = 19 GeV. Thus, our calculated meson spectrum is de-
generate in the isoscalar/isovector channel for n = u, d
quarks. Th explicit numbers can be found in the Appendix
in Table 2. In Fig. 5 we display the resulting spectrum for
nn¯ mesons, and compare with the isovector channel from
experiment. The input up/down quark masses are fixed
such that the experimental mass of the pi0 is reproduced.
The resulting ground state mass in the vector channel is
also in good agreement with experiment. This is not true,
however, for the scalar and axialvector states as noted
frequently before, see e.g. [11]. Here, the deficiency of the
rainbow-ladder truncation is obvious and on the 20-40 %
level. In the scalar channel there is some evidence that
the lowest lying nonet may not be identified as simple
quark-antiquark states, but may be better described as
tetraquarks, see e.g. [30–34] and Refs. therein. Therefore
we compare with the a0(1450), noting that in rainbow-
ladder and without potential mixing with the scalar glue-
ball state there is no hope to reproduce the experimental
value. The situation is considerably better for the low-
est lying tensor state [5], which for the upper value of
the considered η-band is even on the 5 % level compared
to the experimental value. While the other tensor states
are again far off, at least where comparison with experi-
ment is possible, the situation is again acceptable for the
tensor meson with J = 3 and PC = {−−}. Its mass of
1528+71−184 MeV compares well with both the isovector ρ3
of mass 1688.8 ± 2.1 MeV (shown in the figure) and the
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φ(1020)
φ(1680)
φ(2175)
f'2(1525)
φ'3(1850)
η(1405)
M[
Ge
v]
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2
2.4
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0−+ 1−− 0++ 1+− 1++ 2++ 2−− 2−+ 3−− 3+− 3++ 0−− 0+− 1−+ 2+− 3−+
7
8
14
PDG
η = 1.8
η = 2.0
Fig. 6. (color online) Calculated ss¯ spectrum, compared to experiment. The green bands correspond to the variation η = 1.8±0.2.
Due to the structure of the propagator, in the case of η = 2.0 more states are accessible; these are given by the single orange
lines. The states to the right of the dividing line correspond to exotic quantum numbers.
isoscalar ω3 of mass 1667 ± 4 MeV with again a devia-
tion on the 5 % level for the upper range of the η-band.
In contrast, we find no bound state in the JPC = 3+−-
channel, whereas for the JPC = 3++ state with mass
1510+81−100 MeV there is no well established experimental
counterpart.
It is interesting to muse about the difference between
the corresponding channels JPC = 0−+, 1−− as well as
JPC = 1−−, 2++, 3−− in good agreement with experi-
ment and the other channels that are further off, using
notions of the (pseudo)-potentials in the quark model. In
this language, what distinguishes these channels from the
others is that the non-contact part of the spin-spin in-
teraction is vanishing or small: for the hyperfine splitting
between the pseudoscalar and vector channels the contact
part of the spin-spin interaction is dominant, whereas for
the JPC = 2++, 3−− states the spin-orbit forces prevail.
For all other channels considered, there are sizable contri-
butions from the tensor part of the spin-spin interaction.
Since these are the channels that are off, we conclude, that
the rainbow-ladder interaction roughly reproduces the size
of the contact part of the spin-spin interaction and the
spin-orbit force, but materially overestimates the binding
in the tensor part of the spin-spin interaction. Note, that
this conclusion is different than the one drawn in [8] based
on only a subset of the states considered here. We come
back to this discussion in section 5.3.
As for the exotic channels we find states for JPC =
0−−, 0+− with no experimentally established counterpart,
whereas our value for the JPC = 1−+ is about 25 % lower
than the pi1(1400). This finding is consistent with the ones
in the axial-vector channels. In the exotic channels with
J = 2, 3 we do not find bound state.
Finally let us comment on the excited states. These
are in general much too low [35] in agreement with the
general finding for the ground states. A variation of the
η-value in general does not improve this picture; also it
is noteworthy that higher excited states only appear for
very specific values of η. This suggests a dependency of the
excited states on the details of the momentum and tensor
dependence of the quark-gluon interaction that needs to
be explored in future work.
Next we discuss the ss¯ spectrum given in the Appendix
and displayed in Fig. 6. Here the input value of the strange
quark mass of ms(19 GeV) = 0.085 GeV at the renormal-
ization point is determined from matching to the experi-
mental value of the kaon discussed below. First note that
the pseudoscalar ss¯-state is too light in this truncation
since neither the effect of the UA(1) anomaly (see e.g. [36]
for a treatment of the anomaly in the BSE formalism) nor
flavor mixing with the nn¯ states is considered. For the ex-
cited state in the pseudo-scalar channel the surprisingly
excellent agreement with the η(1405) extracted from ex-
periment may be accidental. In the vector channel, where
mixing effects do not play a major role we observe good
agreement of our bound state mass with experiment. The
same is true for the JPC = 2++ and JPC = 3−− chan-
nels, where the upper boundary of the η-band almost re-
produces the experimental values for the f2(1525) and the
ϕ3(1850). Again, these are the channels with dominating
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spin-orbit forces in the language of the potential models.
In general, the pattern of states in the ss¯ spectrum is
very similar to the one found for the nn¯ mesons due to
the flavor independence of the underlying rainbow-ladder
interaction model.
5.2 Strange Mesons
In the case of strange mesons, ns¯, one is no longer able to
assign either C or G parity to a state. Thus, here there
are no states with explicitly exotic quantum numbers.
The spectrum, as calculated within the rainbow-ladder
approximation, is given in Fig. 7. As already mentioned
above, the strange quark mass is chosen such that the cal-
culated K0,± is in agreement in experiment; the remain-
ing spectrum is a result of the model. While the vector
ground state is in reasonable agreement with experiment,
the remaining spectrum does not fare so well (as in the
unflavored case).
Along with the usual J = 1 and J = 2 mesons, we find
two states with J = 3, one with positive and one with
negative parity. For the latter, we have a mass of 1646.9
(found for η = 2.0 only) which compares well with the
experimentally known K?3 whose mass 1776± 7 is within
10%. The positive parity state is similar in mass, 1673.4,
but the putative K3 has not been seen in experiment.
The results strongly indicate that the ns¯ system should
be investigated in a beyond rainbow-ladder approxima-
tion, in order to find stronger agreement for the major-
ity of low-lying states. In particular, the 2+ channel is
interesting since the experimentally observed states are
considerably higher in mass than the calculated ones, in
contrast to the findings discussed before in the flavor diag-
onal channels. On the other hand, our numerical error in
extracting the bound state masses is considerably higher
in the non-diagonal flavor case than in the diagonal one
such that it is not clear whether the deficiency is in the
interaction or in our numerical procedure. This needs to
be explored further.
5.3 Regge trajectories
Finally, we present results for Regge trajectories in Fig. 8
for natural parity states. We only take into account trajec-
tories with at least three states, which leaves the ground
state isovector nn¯ and isoscalar ss¯ mesons with natu-
ral parity; for the corresponding excited states and the
other channels we do not have enough bound states with
J = 2, 3 to probe for trajectories. One immediately notes
that, indeed, the sequence JPC = 1−−, 2++, 3−− forms
an almost linear trajectory in the (M2, J)-plane. This is
interesting, since we are working with a model that is ap-
parently not related to a linear rising potential between
light quarks. Thus, the conventional, naive but intuitive
explanation for the formation of Regge-trajectories does
not apply in our framework. Nevertheless, we see an (ap-
proximate) ρ- and φ-meson Regge trajectory for our re-
1-- 2++ 3
--
JPC
0,0
1,0
2,0
3,0
4,0
M
2  
[G
eV
2 ]
isovector nnρ(770)
a2(1320)
ρ3(1690)
1-- 2++ 3
--
JPC
0,0
1,0
2,0
3,0
4,0
M
2  
[G
eV
2 ]
isoscalar ss
φ(1020)
f'2(1525)
φ3(1850)
Fig. 8. Regge trajectories for isovector nn¯ (upper plot) and
isoscalar ss¯ mesons (lower plot) with natural parity. Filled cir-
cles correspond to experimental data, while calculated values
are given by the red marks for η = 1.8 and the green bands
for η = 1.8± 0.2. The resulting Regge trajectories for the up-
per and lower end of the bands are displayed by the dashed
lines. Not shown is the numerical error of our mass extraction
procedure, which is of the order of 5-10 % for the J = 2, 3
states.
sults. The slope of the trajectory is easily extracted. With
M2X(J) = M
2
X(0) + βXJ , (31)
we find
M2ρ (0) = −0.42 (−0.05) GeV2 ,
βρ = 0.99 (0.62) GeV
2 ,
and
M2φ(0) = 0.05 (0.36) GeV
2 ,
βφ = 1.12 (0.78) GeV
2 ,
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Fig. 7. (color online) Our calculated ns¯ spectrum, compared to experiment. The green bands correspond to the variation
η = 1.8± 0.2. Due to the structure of the propagator, in the case of η = 2.0 more states are accessible; these are given by the
single orange lines. The states to the right of the dividing line correspond to exotic quantum numbers.
for X = ρ and X = φ respectively. The two numbers each
correspond to the upper (lower) end of the η-band of our
results. Compared to recent studies of Regge trajectories
based on the ρ-meson, βρ = 1.19 ± 0.10 GeV2 [37] and
βρ = 1.11 ± 0.01 GeV2 [38], our number for the slope at
the upper edge of the η-band is smaller by only about ten
percent. Recalling that we need to employ an extrapola-
tion procedure in the complex momentum plane to extract
the bound state mass of the tensor states with an error
margin of the order of 5-10 % the agreement is quite good.
We have also checked for Regge trajectories in chan-
nels with unnatural parity and found an approximate lin-
ear trajectory also for the sequence JPC = 1++, 2−−, 3++
based on the a0. Again, for the other channels and the
excited states we find not enough bound states with J =
2, 3. From the discussion in the previous sections we fur-
thermore expect, that the slopes and intercepts in these
channels may be further off the experimentally extracted
values, simply because the rainbow-ladder interaction is
not good enough in these channels. Indeed for the a0-
trajectory we find M2a0(0) = 0.20 GeV
2 and βa0 = 0.78
GeV2 for the upper edge of the η-band, which do not agree
too well with e.g. the values found in Ref. [7], M2a0(0) =
−0.658± 0.120 GeV2 and βa0 = 1.014± 0.036 GeV2.
6 Summary and conclusions
We presented the covariant decomposition of J ≤ 3 quark-
antiquark bound states, following [2, 3] and [4]. Within the
rainbow-ladder truncations using a well-established effec-
tive interaction we calculated the spectrum of light unfla-
vored and strange mesons. Comparison with experiment
highlights the need to explore truncations beyond that
of rainbow-ladder; in particular the effects of mixing as
well as the introduction of a flavor dependent interaction
are needed. In the language of potentials for the spin-
spin and spin-orbit forces we find sizable deviations in all
channels, where the tensor part of the spin-spin interac-
tion is important. These are in particular the scalar and
axialvector channels. On the other hand, the results are
quantitatively reliable on the five percent level (at least
for the upper end of the checked η-band of the interac-
tion parameter) for channels where only the contact part
of the spin-spin interaction plays a role, i.e. the hyper-
fine splitting of the S-states, and channels dominated by
the spin-orbit force, i.e. JPC = 2++, 3−−. As a conse-
quence, we find that the ground state Regge trajectory
based on the ρ-meson agrees with extractions from exper-
iment on the ten percent level. Since our approach is not
based on a linear rising potential between light quarks, it
is interesting that we see approximate Regge trajectories
in the first place. This sheds some doubt on the intuitive
but naive interpretation of Regge-behavior as originating
from color flux tubes. The alternative mechanism at work
in our framework needs to be explored further. Future
work will also focus on the accessibility of excited states
through a proper treatment of the quark propagator poles
in both the quark DSE and meson BSE, in addition to
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Table 2. Mass spectrum in MeV for isospin degenerate nn¯, isoscalar ss¯, and I = 1/2 ns¯ bound-states. The rainbow ladder
result corresponds to η = 1.8± 0.2, with the superscript † (‡) indicating η = 2.0 (η = 1.6) only.
nn¯ ss¯ ns¯
JPC n = 0 n = 1 n = 2 n = 0 n = 1 n = 2 JP n = 0 n = 1 n = 2
0−+ 138.1+1.3−0.6 1103.0
† 1770.1† 696.3+2.4−1.7 1426.3−76.6 0− 496.6+5.3−0.9 1007.6
+118.3
− 57.0 1435.90−− 828.8+66.9−57.1 1133.8
+68.0
−50.8
0++ 643.6+17.6−37.6 1266.9
† 1769.1† 1079.4+1.7−7.9 1643.6
†
0+ 874.5+10.0−22.2 1312.5
+ 90.3
−143.80+− 1035.5+66.8−38.8 1386.7
+68.8
−37.9
1−+ 1043.9−37.0 1347.3+73.2−43.7 1870.1
‡
1− 950.1+5.5−1.6 1241.6
+43.5
−27.91−− 757.2+1.2−0.6 1022.6
+ 9.2
−29.2 1331.9
† 1087.8+1.8−2.2 1413.1
+38.8
−42.1 1666.9
†
1++ 969.4+15.6−23.9 1188.1
† 1301.0+34.7−28.5 1591.9
+181.2
1+ 1054.1+48.7−44.81+− 852.1+13.6− 5.2 1017.4
+ 0.6
−21.4 1345.2
† 1205.1+51.8−46.6 1372.0
+34.4
−39.5 1831.6
†
2−+ 1226.5+73.9−80.0 1513.5
+90.5
−85.0 2− 1116.2+10.9−17.22−− 1202.6+140.0− 94.3 1484.7
+76.0
−86.0
2++ 1154.8+96.5−69.3 1431.4
+72.4
−69.3 2+ 1209.4+32.3−26.62+−
3−+ 1842.5−46.6
3− 1646.9†
3−− 1528.3+ 71.2−184.2 1751.7
+99.2
−94.3
3++ 1510.5+ 81.6−100.3 1770.9
+91.4
−96.1 3+ 1673.4†
3+− 1849.4−43.6
an exploration of the heavy-heavy and heavy-light meson
spectrum.
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